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depends UPOH tire veeeeo - x
mple - 1 : Show that lim(3x +2) =5
E"- Since, (Jx +2)-5=3x -13,
Sol* : ‘l(3x+2)"5’=3"‘__ | ,
chce if € is given possible number, then
3x+2)-3|<€ whenever [ x - 1] < €/3

€

We can, therefore, choose & = 3 such that
(3x +2)~5] <€, whenever 0 <|x -] <§.
Hence liM(3x +2)=5

2_9
o : ll'mx B =6
Example - 2 : Show that i —- '
Sol : The function is not defined at x = 3. Forx#3,.
2
2 x2-9 -
X =9 o x+3 andhence( —6/=}(x+3)-—6!~1x—3f..
x~-3 Xx-3

2
X“-9
anlx_3 _6I<E, whenever_lx—31_< €.

Thus for given € > 0, we have found a
€itself such that

e x?-9 |
0<|x-3|<§=> x-3 Y<e

positive number 8, which in this case, is equal to

2
. X°-=9
Hence lm; —— =6
x—=3 ¥ —
valuation of Left Hand and Right-Hand limits -
The statements x — a-me
an a but very very close

- Simillarly x — a* s e

ans that 'x' s tending to a from the.

to ‘a’. Therefore x —» a- js equivalent to x
quivalent to x =a+h,

left hand side j.e. X is a number Jess
=a - h where h > 0 such that h —»

: Where h — 0+. Thus, we have the following rules for
ding left hand and right hand limits at x = a, - : v,
ft Hand Limit - 2t

To evaluate L. H.[. of {x) atx =3 ie.

Lim fx) we proceeq as follows :
X—ra



Step 1:  Write Lim fix)
Step2: Putx~=a -hand replace x —» a by
h ~» 0 to obtain ll.ni:T(':ﬂI - h)
Step 3 : Simplify ’l‘-h‘gﬂ;n - h) by using the formula for the given function.
il

Sffﬂ-l : The value obtain in step 111 is the LHL of f{x) at x = a.
Right Hand Limit :

To evaluate RHL of f{x) at x = a i.e.

,l::',‘l Ax) we proceed as followes :

Step I :Write x[:i':l f{x)
Step 2 : Put x = a + h and replace x — a* by

“h = 0 to obtain Lim fa + h)
h—=0

Step 3 : Simplify ,I,‘_',",;', JSa + h) by using the formula for the given function,

Step 4 : The value obtained in step [l is the RHL of f{x) at x = a.

r




Example — 1 : Evaluate the left hand limit of the function.

|x -4 4
)= _4 ' X*% atx =4,
0 X=4
SoM : (LHL of f(x) at x = 4)
= Li = _ Lim B-h-4 _ h|_ -h _ —N=-
- Lim 70= Hip s -m= Lip =028 - Lip 12l 1 b - b cp-o
Example - 2 : Evaluate the right hand limit of the function.
x4
f(x)= { x-4 X# 4 tx=4.
0 X=4
Sol" : (RHL of f(x) at x = 4)

i _ B+h-4 _ pim M _ Lim b - Limy=
P o= o0 = HI s@em= Hn Ty = HR = SR

- LT 1L L3 Benlia Af Funntinn dofinad hy



) §
Exnmﬂl-ﬂ“ﬂ‘}' \2‘ ;:0

bﬂ Rt ¥ T
:.-tl
~|x| . es not exist,

Sof* : We have,

LHL of fix) atx = 0) ‘
( Lim oL < Lim Ak
-~ Lim _f(x) - Lim f[ﬂ h) = hey0+ (-'h) | h—0+ =

h—0+
x-»0

_Lim=2h - Lim2=2, (RHL of fix) at x = 0)

h-+0+ —h  ho0+

h-hl _ Lim b=
= Lim J(x) = le VA0 + h)= }'_*'31 b %ﬂ[}r h

= Lim 0 _ Limo= 0
hao N hol

Since, Lim fix)# Lim f(x). So, Lim f{x) does not exist.
x—0" x—0* - x->0

5x-4, 0<x<1

Examp!e-s:lfﬂx)={ 3 . %! 570 %

SoF :

o Clearly,

4x> -3x,1<x<2

Show that LiM f(x) exists. pew 1€

We have :
(LHL uff(x) atx=1)

= Lim fix)= Hi /(1 - hy=Lims (1 py-4=Lim_sp=1
(RHLofﬂx} atx=1) +

—le_f(x)—lef(1+h)-L"“4(1+h)3 3(l+h)
_4(1); 3(1)=1

lim = lim : o
e x)= 1, f(x). So, t;_‘ﬂ f(x) exists and is equal to |




e a=1and b=
Expansion Formulges ,b 2-3

Someti :
Metimes following expansion are very usefu

| to evaluate limits,

n(n— g-ﬂﬂ—l
,_(“_._Hxi...nn J 2!"‘!" ......

. (a) @Q+xr=1+nx+ —7p 3
- (b) e‘=l_+x+%§+l‘3%+ .........
© & =1+x(oga)+ Xy (l0gay +
(d) Iog(l+x)=x—i2-2—+3‘;-—%}+ ......
2
@ fogu—x)-—x—?——i‘;_é}Jr ......
3
(N tanx—x-i-—’-;—~+']—s'x + .i.eees
(2) cosx=l—-‘-;—j-'+i—f:-+ ........ ’
(h) sinx=x——-§;+-§—;j-+ .........
0, sm"x=:~.;+:-21— ~’—‘3}- +%.%x5+% %% 571-
ANy
(k) secx==l+-§-+5 -’44- ......



Theorem -2 : Prove that lim [" N 1]
-2 - h.‘..’ (. - 0)
Proaf: 10 “"*“J Pt ay
x " 2.1
pl.l“iﬂﬂ At~ = Yy a=
- log(1 +y) y+1 IOEE'-I08(5’+ 1), nloga=log(y+
X loga [ Whenx =0 ie.y 0} (y+ 1)
—_
o= :_'f‘ log(|+y) = Ilm lo;(()?a ) loga
" loga 2BV HY) = im IOE(. +y) = loglli+y)
Another Method : . : "’“ loga [ hm y -‘\
lim [ 2% =1 . (1+ x(loga) + %~ 2
xlTo( x ) = 2+ Brlonefe- -1
X {on expending
= lim "{('Oga)+~2’-‘-,(k:-ga)2+...... 1
x>0 : “f — lim {;0 X K2 ,
] " X—0 ga"'ﬁ(hgaﬁ +} - '
= loga [Putting x = 0]
. lim [22=1) . |
"t x—=0 X = log.a : i
e* -1
Theorem - 3 : Prove that Iim =1
x—0 X
\ 2 .3 ’
- lex+2 4% 4 SEREL
lim [&=1] - lim 2t o oS
Pr 00f > » 50| x ) x—0 | - X [on expanding €'} .
. . )
( 2 3 1 ' o2
X X X X
(x+ 2 +30 +) . (1+21+ 3 }
- % -
_ lim x hm ) ”
x—0 = x-0

2 X
_dim (1 X4 X ] s I e =11
3! x—0 X



: o

ompte-!: Evahate Nery Tim T22X -Inh (1) lim Sin3x T e
£y 5y ) [ sinbhx

!!l!? II 2
g 1T Y = 11 (2"’*"'1-"-] =2 Jim sin2x
[ “h‘“""‘ﬁfhenlx._..g] x
=(2x1)=1 l sinB_l
- Q.._,";. B =

im 5in3x _ |j 3 5 _ 1
(ii) -0 5x xﬂ:] (Ey‘;‘f—i)a % 3!:_.1-:0 51;31
[."'when x —» 0, then 3x — 0) .
3 -3 :
=(5"')‘5 [.Iimsmﬂzl]

B0 g
o (o)
(smax = lim —— 3 J
(iif) ,_;0 sin bx x—0 bx_(._i__bi)
bx
(sinax lim Sinax
E I' -— . a ax—) ax a l
b ~,1Tu(ﬂl.h2¢_) " b lim sirll:m:‘—'(“"“‘“')Iji - /.
bx bx—0 bx b b Ea
[ x—>0 = ax—>0andbx-—)ﬂ]
_(a 1)Y_a sin@
'.(h"‘l) b [J'—'ﬂne ']
oz . limm SinSx -
Example-2 : Evaluate : 111N an3x _
Sx.(ﬂ!’i‘i) |im(5i“5") il
fim SINSX _ lim XL 5 S0\ Sx 5,1y_ 5
Sol: y 50 tan3x x>0 3x. _t_ag_?g) 37 lim (taan) E (—3-:-:1)'= 3
' . 3x 3x—0\ 33X
. llm sinx®
Erwff_j ‘Evaluate : 1M .

Sol : We know that X° = (]80)




T ¥—u Y the fﬂ"ﬂwing limits.

xamiple - 14 : Examine the existence of X} —X
tayftim X p lm— @ Wiy
-0 x ( ) !'*"”1Il N
. lim 1Xl _ jim EH _ lim Fhl _ lim f-=—
- (;}/x:,“.;}_ == M =150 Th o0 -h
lim X _ fim BN gim R limog =y

x—0+ x x—30+ | h->0 h b0

.- .. Hence ,ETU % does not exist.
lim X
b) o [x] __ | _
"We know vxeR [‘x]gxﬁi[x]+l

[x]. L o him X 1
= 1% B <P p=te A e Sl T

= lim X, . lim X =
=1 < x_'_}mm [x] £ 1. [ Hence ., x] 11
2
lim X_—X
(C) X— 00 [xz —x]

sety=x2—X asx—>o,ie.y—>®

= Jim Lo exist Ito 1
y—o [y] exist's and equal to




P e T-

Definition : A function S (x) is said to be continuous at x = a if :

(i) le M £ (x) exists, ,
ie. nght hand and left hand limits exist and are equal

(ii) f(@) exists. |
gip Lmro=s@ |

£t o L e Xt e dlamen tlaa Fanetian 1€ dlcoantin






14 |
mM_.nA.hm;fx;hmhnﬂ_ { coax. whens 2 0

Axamine _
.-fm)'msnulmm”qfff-ﬂﬂx- tonz, whenz <0

| LHL = LM o) = LIM ooy )

¢ - Lim —cos(0-h) = LiM_coqp =,
rH.L.= LM rx)

£ = Lim cos x= LiM cos(0+hy= Lim coq py = ¢

The given function f(x) is continuo
¢ B Sh . 'S usatx =0
Exemple 4 : Show that f(x) = |x] is not continuous at x = n, where n is an integer.

Sor - We have, /(n) = [n] = n;

. = i I '
im = S (+h)= Mg h)=n (o n+h]=n}

s a

x—n+
g = o/ (=)= TR =@-1) { [n-h]=(- D},
l- . . . = = % _. >
Thus, , o S (X) # M _ £(x) and therefore, lim r(x) does not exist.
Hence, f{x) is discontinuous at x = n. , , .

X
EWMPIE — 5: Show that the function f(x) = Fi_l' whemx ¢ is discontinuous atx= 0
].1 thn l = 0 L :
It is being given that £(0) =1

- _ lim _ lim L _ lim h _
xgﬁf@‘) o/ (0 + h)= hl—':}l |h| hin()h_l

Sol”

. _ lim _qfim=h _tim=h __{ - .
x!;'!;f(x)- heof(o“'h)" hl—)l} thf ~ h—=0 h ;

- lim oo [J3 /00

lim 11 (%) does not exist.

So, « ;
is di i tx=0.
Hence, f (X) 1S discontinuous a . L
i h the function
imple — 6+ Determin€ the value of k for whic

sin5x .
bl 20 :
»if x# 7 is continuous at x=0

= 3Ix }
ﬂx) k, if X = n ?

- Clearly. /(0) =k . . sinSX
i sings. tim, (s0353) = 3.1, 555 = 5

Now, M/ (x)= x>0 3x 20\ X

For continuity of. fix) at x =0, we must have

.
Hence, the required value of k 1S 3



.tn .
w-—”-‘ﬂ”‘{ (1% "l‘!"'llﬂ' "
& qn‘f.-o Ly
- lim £ -1 -
w;_“j,“f(") X0 B"‘a‘-l "'g-r*-_l

arsm § 2wt s

1=

H x

- | e’" -

agein W33 700 = B Sy = T - -
"

1

(x> 04, L © = Mxp o)

Hence ;f_TD f(x) doesnot exist at x = 0 and consequently f{x) is not continuous at X = 0

2x+1,if x<0

]g-—-fj-‘f(l)'—" X, if0<x<1 at x=0
il 2x—-1lifx=1

o : Consider atx=90 | | |
lim £ =5 im ox+1)=1lIM 20-h)+11= M2h+1)=1

x—0- x—0-h
i llm — lim — lim . . o »
PSL. S(X) = x50+ X~ x—0+h (0+h)= h—bﬁh 0 e

o o

Ciearly £(0) =1 )
hm b S (x) at x = 0 does not exist and’ consequently j(x) is not continueus atx =0

Conmder atx =1
: 1 = 11 —hy=1"
lim f£(x)= i:m X = l_{'f}h (1-h)= (1 h)

x—>1-
: 1y = llm 21 +h)y -1
fim £(x) = x[LnlL (2x - 1) n [

x—>1+

= Jim 2 +2n-1)= lim@h+n=1 " 1, L

=/ - =]l"'
lim f(x)==l And f(x)= 21—-1 2 1

* x>l

lim r(x)=1=f(1), we¢

1 =1
onclude that the function is contmqous atx=1



"# . “ ’“.m‘. “‘“‘" " S ‘
- L)
of fety x -t
nen. > v (W) S

wm'dinn (1) from tu)
F‘ 5’ = (x + aur x*

9-! - (l+8") - x"

oF &x 8x
* dx Sx—=0 §x

im & +3x)" — x"
2 ""'g"'“ (x+0x)—x

: . x"—a" .
] - ' '-. I.lm i —_ na
= px" R %—a

d}’ -1 3 .E._ ﬂ.1 - n=-1
ThUS'&‘;"“x 1.e., dx(x-)' nx \
Find the derivative of the followmgs

[ 3x —> 0 means x + &x —» x}

mzples

@ x> (n) x3, (i) Yx, @v) J_
- We know that a; x)=nx-'
So we have :

0 L=
‘ _ 3
(ll) (X'3)-*-—3 31 = - 3x =74 »
L)1
(iif) {[_) = .._.-xum_. 1 x( ) 3% 23 '
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Lryjuerennol Lalcuius

x!= | or X =} |
of when R"I.?“Z-ﬁ-pa__[
andwhtﬂx -1, }"'—2+6+3_1
points are (1, ~1)and (=1, 7).
3. At what point of the curve y=x2 ¢
ﬁ""p" with the axis of x ? 0¢s the tangent to the curve make an angle of 45°
f the curve is
. The ¢ equation ©
sof: dy
y = x: .. dx =2x (|)
dy
We are given Fhat ax tan 45° = | ... (i)
From (i) and (i),
1
2x=1 orx= 2

1 1
Thus the required point is (EE)

} Example 4. Find the equation of the tangent and the normal to the curve y = 2x*—3x — 1 at the

point (1, -2).
g0 : The equation of the curve is
y=2x*-3x -1
%=4x—3.-. [%il_]=4.l-—3=l
Equation of the tangent at (1, -2)is
y+2=1(x- 1)

or x-y-3=0
Equation of the normal is

: -1 ’
y+2¥—l(x— 1) [Slqpe of the normal = ]

dy / dx
or y+2=-x+1 ~ .
- x+y+1=0. s gl :
Exumple - 5. Find the points on the curve y = « at which the slope of the tangent is equal to tt
y-coordinate.
8ok : The equation of the curve is

y=x} veee (1)

a;' = 3x?
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